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Abstract 



The asymptotic behavior of second order self-adjoint elUptic Steklov eigenvalue prob- 
lems with periodic rapidly oscillating coefficients and with indefinite (sign-changing) 
density function is investigated in periodically perforated domains. We prove that the 
spectrum of this problem is discrete and consists of two sequences, one tending to — oo 
and another to +00. The limiting behavior of positive and negative eigencouples de- 
pends crucially on whether the average of the weight over the surface of the reference 
hole is positive, negative or equal to zero. By means of the two-scale convergence 
method, we investigate all three cases. 
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1 Introduction 

In 1902, with a motivation coming from Physics, Steklov llTTl introduced the following 



where X is a scalar and p is a density function. The function u represents the steady state 
temperature on Q. such that the flux on the boundary dO. is proportional to the temperature. 
In two dimensions, assuming p = 1, problem (11.11 ) can also be interpreted as a membrane 
with whole mass concentrated on the boundary. This problem has been later referred to 
as Steklov eigenvalue problem (Steklov is often transliterated as "Stekloff ). Moreover, 
eigenvalue problems also arise from many nonlinear problems after linearization (see e.g., 
the work of Hess and Kato |[TTl[T2l and that of de Figueiredo||9|). This paper deals with the 



problem 




(1.1) 
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limiting behavior of a sequence of second order elliptic Steklov eigenvalue problems with 
indefinite(sign-changing) density function in perforated domains. 

Let Q.he a. bounded domain in IR^(the numerical space of variables x = {xi, ...,xn)), 
with C ' boundary dD. and with integer N > 2. We define the perforated domain Q.^ as 
follows. Let r C F = (0, 1)^ be a compact subset in with boundary dT (= S) and 
nonempty interior. For £ > 0, we define 

t'' = {keZ^ -.e^k + T) CD.} 
T'=[jeik + T) 

and 

In this setup, T is the reference hole whereas z{k + T) is a hole of size £ and is the 
collection of the holes of the perforated domain D.^. The family is made up with a finite 
number of holes since Q. is bounded. In the sequel, Y* stands for Y\T and n = {ni)^^^ 
denotes the outer unit normal vector to S with respect to F*. 

We are interested in the spectral asymptotics (as £ — > 0) of the following Steklov eigen- 
value problem 




(1.2) 



Me = on 3n, 



where aij € L°°(M^) (1 < i,j < N), with the symmetry condition aji = ajj, the F-periodicity 
hypothesis: for every k ClJ^ one has aij{y + k) = aij{y) almost everywhere in y G M.^. , and 
finally the (uniform) ellipticity condition: there exists a > such that 

f atj{y)^j^i > a|^|2 (1.3) 

for all ^ G M'^ and for almost all y G Mf , where = |^i|^ H h |^iv|^. The density 

function p G Cpei-{Y) changes sign on S, that is, both the set {y G S,p{y) < 0} and {y G 
S, p (y) > 0} ai^e of positive N — I dimensional Hausdorf measure (the so-called surface 
measure). This hypothesis makes the problem under consideration nonstandard. We will 
see (Corollary 12.151) that under the preceding hypotheses, for each £ > the spectrum of 
(11.2b is discrete and consists of two infinite sequences 

< Xe'+ < Xe'+ < • • • < Xe'+ < . . . , hm Xe'+ = +00 

and 

> Xg' > Xg' > • • • > Xg' > . . . , lim Xg'^ = — oo. 
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The asymptotic behavior of the eigencouples depends crucially on whether the average of 
the density p over S, Ms{p) = fsP{y) do{y), is positive, negative or equal to zero. All three 
cases are carefully investigated in this paper. 

The homogenization of spectral problems has been widely explored. In a fixed do- 
main, homogenization of spectral problems with point-wise positive density function goes 
back to Kesavan llT4l ITSl . Spectral asymptotics in perforated domains was studied by 
Vanninathan |[29l an later in many other papers, including ||7l [S [131 llll EH |26l and the 
references therein. Homogenization of elliptic operators with sing-changing density func- 
tion in a fixed domain with Dirichlet boundary conditions has been investigated by Nazarov 
et al. ifTTl [TSl [191 via a combination of formal asymptotic expansion with Tartar's energy 
method. In porous media, spectral asymptotics of elliptic operator with sign changing den- 
sity function is studied in |[6l with the two scale convergence method. 

The asymptotics of Steklov eigenvalue problems in periodically perforated domains 
was studied in |[29l for the laplace operator and constant density (p = 1) using asymptotic 
expansion and Tartar's test function method. The same problem for a second order periodic 
elliptic operator has been studied in [1241 (with C°° coefficients) and in |8l (with L°° coef- 
ficient) but still with constant density (p = 1). All the just-cited works deal only with one 
sequence of positive eigenvalues. 

In this paper we take it to the general tricky step. We investigate in periodically per- 
forated domains the asymptotic behavior of Steklov eigenvalue problems for periodic el- 
liptic linear differential operators of order two in divergence form with L°° coefficients 
and a sing-changing density function. We obtain accurate and concise homogenization 
results in all three cases: Ms{p) > (Theorem 13. II and Theorem 13.31) . Ms{p) = (Theo- 
rem l3.5l) . Ms{p) < (Theorem 13. H and Theorem 13.31) . by using the two-scale convergence 
method|[Il[lll[^[30l introduced by NguetsengllOl and further developed by AllaireQ. In 
short; 

i) If Ms{p) > 0, then the positive eigencouples behave like in the case of point-wise positive 
density function, i.e., for k> \, Xg'^ is of order £ and ^?te'^ converges as £ — )• to 
the k'^^ eigenvalue of the limit Dirichlet spectral problem, con^esponding extended 
eigenfunctions converge along subsequences. 

As regards the "negative" eigencouples, X^'^ converges to —oo at the rate ^ and the 
corresponding eigenfunctions oscillate rapidly. We use a factorization technique ( |[T9l 
[29ll ) to prove that 



where {X^ , 9j ) is the first negative eigencouple to the following local Steklov spectral 



k = \,2--- 



problem 



div{a{y)DyQ) =0 in F* 
a{y)DyQ-n = Xp{y)d on S 
6 Y — periodic, 



(1.4) 



and {^e'^l^^i ai-e 




then prove that {-|- 
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problem which is different from that obtained for positive eigenvalues. As regai^ds 

_ _ _ 

eigenfunctions, extensions of {j^^}EeE - where (Q7Y(x) = 67(f) - converge along 
subsequences to the k'^ eigenfunctions of the limit problem. 

ii) If Ms{p) = 0, then the limit spectral problem generates a quadratic operator pencil and 

A-e'^ converges to the {k,±y'^ eigenvalue of the limit operator, extended eigenfunc- 
tions converge along subsequences as well. This case requires a new convergence 
result as regards the two-scale convergence theory, Lemma 

iii) The case when Ms{p) < is equivalent to that when Ms{p) > 0, just replace p with 

-P- 

Unless otherwise specified, vector spaces throughout are considered over M, and scalar 
functions are assumed to take real values. We will make use of the following notations. 
Let F(M^) be a given function space. We denote by Fper{Y) the space of functions in 
Fioci^^) that are F-periodic, and by F#{Y) the space of those functions u € Fpgr{Y) with 
fYi*{y)dy = 0. Finally, the letter E denotes throughout a family of strictly positive real 
numbers (0 < £ < 1) admitting as accumulation point. The numerical space and 
its open sets are provided with the Lebesgue measure denoted by dx = dx\...dxN. The 
usual gradient operator will be denoted by D. For the sake of simple notations we hide 
trace operators. The rest of the paper is organized as follows. Section |2] deals with some 
preliminary results while homogenization processes are considered in Section [3l 

2 Preliminaries 

We first recall the definition and the main compactness theorems of the two-scale conver- 
gence method. Let Q. be an open bounded set in (integer N >2) and Y = (0, l)'^, the 
unit cube. 

Definition 2.1. A sequence (ME)ee£ C L^{Q.) is said to two-scale converge in L?{Q.) to some 
Mo G L^{^ X F) if as £■ 9 £ ^ 0, 

/ Ue{x)(^{x, -)dx ^ // uo{x,y)^{x,y)dxdy (2.1) 
Jq. £ JJq.xy 

for all <^£L^{n;Cper(Y)). 

Notation. We express this by writing Ug ^ uq in L^{Q.). 

The following compactness theorems H] |20l |22l are cornerstones of the two-scale con- 
vergence method. 

Theorem 2.2. Let {ug)geE be a bounded sequence in iJ'iQ.). Then a subsequence E' can 
be extracted from E such that as E' 3 e ^ 0, the sequence («£)£££■' two-scale converges in 
L^{D.) to some uq G L^{D. x Y). 
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Theorem 2.3. Let {u^)^eE be a bounded sequence in H^{Q). Then a subsequence E' can 
be extracted from E such that as E' B e ^ 

Ue — )• uq in (Q.) -weak (2.2) 
Mg —7- Uq inL^{Q,) (2.3) 

^ T^ + T^ inL\Q.) {l<j<N) (2.4) 
dxj dxj dyj 

where uq € (D.) and u\ e L?{D.;H^ (7)). Moreover, as E' B e ^ we have 

f -)(ix^ ff ui{x,y)\^{x,y)dxdy (2.5) 

Ja £ £ JJq.xY 

forMf^^-DiO^^LliY). 

In the sequel, stands for dT^ and the surface measures on S and are denoted 
by do{y) (y G Y), dGe,{x) (x G n,s S E), respectively. The space of squared integrable 
functions, with respect to the previous measures on S and are denoted by L^{S) and 
L?-{S^) respectively. Since the volume of grows proportionally to ^ as 8 0, we endow 
L'^{S^) with the scaled scalar product |[25l 

(M,v)^2(5e) = u{x)v{x)da£{x) (m,v S L^(S'^)) . 

Definition 12. H and theorem fL2\ then generalize as 

Definition 2.4. A sequence {uE)EeE C L^{S^) is said to two-scale converge to some mq G 
L2(nx5)if as^Be^O, 

e / Ue{x)(^{x, -)fifae(x) — > / / Mo(-^53')<l)(-^53')'i?-^fi?<7(3') 
J5'= £ JJaxS 

for all (|) G (:(?l;Cp^r(y)). 

Theorem 2.5. Le? («£)£££ <^ sequence in L^(S^) ^'mc/z that 

£ / |ME(-^)P<iCJE(x) < C 

where C is a positive constant independent ofE. There exists a subsequence E' of E such 
that {u£)eeE' two-scale converges to some uq € L?' {D,; (S)) in the sense of definition[ 



In the case when {uE)eeE is the sequence of traces on 5^ of functions in H^{D.), one can 
link its usual two-scale Umit with its surface two-scale limits. The following proposition 
whose proof can be found in ||2l clarifies this. 

Proposition 2.6. Let {uE)eeE C H^{Q,) be such that 

ll^elliafn) +£||'D"e||l2(j2)w < C, 
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where C is a positive constant independent of £ and D denotes the usual gradient. The 
sequence of traces of{ug)Ec^E on satisfies 

e[ \ue{x)\'^dae{x) <C {e e E) 

and up to a subsequence E' of E, it two-scale converges in the sense of Definition \2.4\ to 
some Mo G L^{Q.;L'^{S)) which is nothing but the trace on S of the usual two-scale limit, a 
function in L?'{D.;H^(Y)). More precisely, as E' B e ^0 



e UE{x)^{x,-)dai,{x) // uo{x,y)(i}{x,y)dxda{y), 

Js>' e JJaxs 

UE{x)<^{x,-)dxdy // UQ{x,y)(^{x,y)dxdy, 



for alKSfe c{Q.;Cper{y))- 

In our homogenization process, we will need a generalization of (12.51 ) to periodic sur- 
faces. Notice that (12.51 ) was proved for the first time in a deterministic setting by Nguetseng 
and Woukeng in |[22l but to the best of our knowledge its generalization to periodic sur- 
face is not yet available in the literature. We prove it below and this is a non-negligible 
contribution to the theory of two-scale convergence. 

Lemma 2.7. Let {uE)EeE C H^{Q.) be such that as E B £ ^0 

Ue — )■ Mo in L {Q.) (2.6) 

duo 2v 9mo 3m 1 1 , , 

^ T^ + T^ inL\a) {l<j<N) (2.7) 
dxj dXj dyj 

for some uq € (D.) and u\ € L^{Q.;HI iY)). Then 

lim / Ui>{x)(^{x)Q{-)daE{x) = II u\{x,y)(^{x)Q{y)dxda{y) (2.8) 
E^oJsi: £ JJaxS 

for alltpe'D (n) and 6 € C#{Y). 

Proof. By the mean value zero condition over 5 for we conclude that there exists a solu- 
tion i^ G 7/^(7) to 

J - Ay-d = in y* 
\Dy^y)-n{y) = B{y) on 5, 

where n = {nj)f^^ stands for the outward unit normal to S with respect to Y*. Put (|) = Dy'd. 
We get 

/ DxUe{x)(f{x) ■ Dy-d{y)dx = / Ue{x)(^{x)Dy-d{-) ■ n{-)daE{x) 
Jd.<' ■ Js<^ £ £ 

r X I r X 

- UEix)Dx<p{x) ■ Dy'&{-)dx / uJx)(p(x)Ay-&(-)dx 

Jo.'' £ £ JQ.'^ ■ £ 

= / Me(x)(p(;c)e(-)fifaE(x) - / UEix)Dx(p{x) ■ (i?{-)dx. 
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Sending £ to yields 

lim / Ue{x)(^{x)Q{-) dae{x) = // [DxUo{x) + DyUi{x,y)](p{x) ■ (^{y)dxdy 

+ 11 UQ{x)Dxf^{x) ■ (Sf{y) dxdy 

JJClxY* 

= // DyUi{x,y)^>{x) ■i^{y)dxdy. 

JJaxY* ' 

We finally have 

// DyUi{x,y)(p{x) ■(^{y)dxdy = — ui{x,y)(p{x)Ay'd{y)dxdy 
JJaxY* ' JJqxy* 

+ // ui{x,y)(p{x)(^{y)-n{y)dxdoiy) 
JJaxS 

= // ui{x,y)(p{x)Q{y)dxda{y). 
JJaxs 

The proof is completed. □ 
We now gather some preliminary results. We introduce the characteristic function Xc 

of 

G = R^\& 



with 

0= U (k + T). 

It is clear- that G is an open subset of M^. Next, let £ G £ be arbitrarily fixed and define 

= {m G {^^) : M = on dQ.}. 

We equip Ve with the//' (n'^) -norm which makes it a Hilbert space. We recall the following 
classical extension result |[5l . 

Proposition 2.8. For each 8 G £" there exists an operator of Vg into Hq (D.) with the 
following properties: 

• sends continuously and linearly Vg into Hq (Q,). 

• (Pev) l^jE = vfor all V € Vg. 

• ||/)(/Ev)||i2(f2)'V < c\\Dv\\ii(^Q^£-jN for all v G Vg, where c is a constant independent ofe. 

Now, let = Q.\ (£0) . This defines an open set in and D.^\Q^ is the intersection of 
n with the collection of the holes crossing the boundary dO.. The following result implies 
that the holes crossing the boundary dO. are of no effects as regards the homogenization 
process. 

Lemma 2.9. H21\l Let K dO-be a compact set independent ofE. There is some £o > such 
that a'^XQ^C a\Kfor anyO<£< Eq- 
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We introduce the space 

and endow it with the following norm 

IMIfi = \\DxVQ + DyVi\\^2(^^^Y) (v= (vo,vi) GF^), 

which makes it an Hilbert space admitting = © (Q) x [® (H) (g) C^{Y)] as a dense sub- 
space. For (u,v) G X F/,, let 



ij=l 



axY" \dxj dyj J \dxi dy 



This define a symmetric, continuous bilinear form on Fq x Fq. We will need the following 
results whose proof can be found in ifSl . 

Lemma 2.10. Fix <I> = (\|/o,\|/i) G F^ and define <5>g : ^ M fs > Oj Zjj 

if (me)e££: C Hq {Q.) is such that 

>— + — in U-{Q){\<i<N) 

axi axi ayi 

as E 3 Ofor some u = {uo,ui ) G Fq, then 

a''{uE,<i>E)^aci{u,<i>) 

as E B e ^ 0, where 



We now construct and point out the main properties of the so-called homogenized co- 
efficients. Let < j <N and put 

du dv 



a{u,v) = Y^J^a,{y)^^^dy, 



and 

k{v) = J^p{y)viy)da{y) 
for M,v G Equipped with the seminorm 

N{u) = \\Dyu\\L2^Yr i'^^H^iX)), (2.9) 

H^{Y) is a pre-Hilbert space that is nonseparate and noncomplete. Let H^{Y*) be its sepa- 
rated completion with respect to the seminorm A'^(-) and i the canonical mapping of H^(Y) 
into H^(Y*). we recall that 
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(i) H^{Y*) is a Hilbert space, 

(ii) i is linear, 

(iii) i{H^{Y)) is dense in H^{Y*), 

(iv) =N{u) for every u in H^{Y), 

(v) If F is a Banach space and / a continuous linear mapping of (7) into F, then there 
exists a unique continuous linear mapping L : (Y*) — )• F such that / = L o i. 

Proposition 2.11. Let I < j <N. The noncoercive local variational problems 

u(^Hl{Y)anda{u,v)=lj{v) forall vGH^iY) (2.10) 

and 

u e hI{Y) and a{u,v) = lo{v) for all vG//j(y) (2.11) 

admit each at least one solution. Moreover, ify^^ and 6^ (resp. % and 6j are two solutions 
to (resp. d277]) ). then 

DyX^ = DyQ^ {resp. 0,% = DyQ) a.e., in Y* . (2. 12) 

Proof. We prove the result for (12.10b . Proceeding as in the proof of 11211 Lemma 2.5] we 
prove that there exists a unique symmetric, coercive, continuous bilinear form on 
H^{Y*)xH^{Y*) such that A{i{u),i{v)) = a{u,v) for all m,v G //^(F). Based on (v) above, 
we consider the linear form ly(-) on H^{Y*) such that \j{i{u)) = lj{u) for any u H^{Y). 
Then e H^{Y) satisfies (12.101 ) if and only if i(x^) satisfies 

iW) G H^{Y*) and A{i{x^),V) = lj{V) for all V G H^{Y*). (2.13) 

But i(x^) is uniquely determine by (12.131 ). We deduce that (12.101) admits at least one solution 
and if and 6^ are two solutions, then i(x^) = which means x^ and 6^ have the same 
neighborhoods in (Y) or equivalently A'^(x^ — 6^) = 0. Hence (12.121 ). □ 

Corollary 2.12. Let I <i,j <N and yj £ H^{Y) be a solution to M.lOl The following 
homogenized coefficients 

(}ij= aij{y)dy-Yj au{y)^{y)dy (2.14) 

are well defined in the sense that they do not depend on the solution to d2.iOP . 

Lemma 2.13. The following assertions are true: qjt = qij (1 <i,j< N) and there exists a 
constant CHq > such that 

N 

for all ^ G R^. 

Proof See e.g., Q. □ 
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We now visit the existence result for (I1.2I ). The weak formulation of (11.2b reads: Find 

(Xg, Mg) G C X Vg, (Mg 7^ 0) such that 

a'=(Mg,v) =?iE(p'=Me,v)sE, vGVe, (2.15) 

where 

(p'^Mg,v)5E = / p^UEVdOeix). 

Since changes sign, the classical results on the spectrum of semi-bounded self-adjoint 
operators with compact resolvent do not apply. To handle this, we follow the ideas in fj9\. 
The bilinear form (p^Wg, v)5e defines a bounded linear operator '.Ve^ Vg such that 

The operator is symmetric and its domains D{K^) coincides with the whole Vg, thus it is 
self-adjoint. Recall the gradient norm is equivalent to the //'(n^)-norm on Vg. Looking at 
K^u as a solution to the boundary value problem 

' -div{a{-)D^{K'-u)) = m£f 

< a{^)D,K^u-n{^) = p^u onS' (2-16) 
K''u{x) = on da, 

we get a constant C > such that ||/r^M||vE < C||m||^2(^e). As is compactly embedded in 
L^(n^) (indeed, H^{D,^) ^ L^(n^) is compact as dO.'^ is C^), the operator K'^ is compact. 
We can rewrite (12.15b as follows 

p 1 
^Mg=/JgMg, A'e = 7-. 

Ag 

We recall that (see e.g., lH) in the case p > on 5, the operator K'^ is positive and its 
spectrum o{K^) lies in [0, ||^^||] and /ig = belongs to the essential spectrum Oe{K^)- Let 
L be a self-adjoint operator and let CT^(L) and Oc{L) be its set of eigenvalues of infinite 
multiplicity and its continuous spectrum, respectively. We have Oe{L) = Op{L) Uac(L) by 
definition. The spectrum of is described by the following proposition whose proof is 
similar to that of |[T9l Lemma 1]. 

Lemma 2.14. Let p G Cper{Y) be such that the sets {y ^S:p{y) <0} and {y ^ S : p{y) > 0} 
are both of positive surface measure. Then for any £ > 0, we have o{K^) C [— 1|^^||, ||^^||] 
and ^ = is the only element of the essential spectrum (5e{K^)- Moreover, the discrete 
spectrum ofK^ consists of two infinite sequences 

A/e'" <lh'^ <■■■ <fh'^ < — >0". 

Corollary 2.15. The hypotheses are those ofLemma \2.14\ Problem ( li.2D has a discrete set 
of eigenvalues consisting of two sequences 

< ?Ie'+ < ?Ie'+ < • • • < Xg'+ < ^ +00, 

> Xe'+ > Xg'" > • • • > Xg'" > ^ -oo. 

We may now address the homogenization problem for (11.21 ). 
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3 Homogenization results 

In this section we state and prove homogenization results for both cases Ms{p) > and 
Ms(p) = 0. The homogenization results in the case when Ms{p) < can be deduced from 
the case Ms{p) > by replacing p with —p. We start with the less technical case. 

3.1 The case Ms{p) > 

We start with the homogenization result for the positive part of the spectrum (Xg'^ , Wg ^)ee£:- 



3.1.1 Positive part of the spectrum 



We assume (this is not a restriction) that the corresponding eigenfunctions are orthonormal- 
ized as follows 



e / p{-)uE^Ui;^dae{x) = 5k,i k,l = 1,2, 
and the homogenization results states as 



(3.1) 



Theorem 3.1. For each k>\ and each £ G let (Xg ^,Me'^) be the k"' positive eigencouple 
to ( 17.21 ) with Ms{p) > and ( 13. il ). Tlwn, there exists a subsequence E' ofE such that 



dPeUE^ 
dx; 



in 



as E 3e^0 



2s 



Uq in Hq {D.)-weak as E' 3 e 
Uq in L^{D.) as E' B e^O 

H + ^inL\a) asE'3£^0{l<j<N) 
dxj dyj 



(3.2) 

(3.3) 
(3.4) 

(3.5) 



where (?Iq,Mq) G M x Hq{D.) is the k''^ eigencouple to the spectral problem 



^,dii\Ms{py"^dxj 



1 9mo\ ^ . „ 





Mo dx 



uq=0 on ^^l 

1 



(3.6) 



Ms(p)' 



and where u\ G L?'{D.;H^(Y)). Moreover, for almost every x the following hold true: 
(i) u\ (x) is a solution to the noncoercive variational problem 



^u\[x)eHl{Y) 
a(u\{x),v) = — 
lVvG//i(F); 



aij{y)^dy 



(3.7) 
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(ii) We have 




(3.8) 



where %^ is any function in {Y) defined by the cell problem ( 12.701 ). 

Proof. We present only the outhnes since this proof is similar but less technical to that of 
the case Ms{p)= 0. 

Fix > 1. By means of the minimax principle, as in 1291 . one easily proves the existence 
of a constant C independent of 8 such that ^^tg^ < C. Clearly, for fixed £ 9 8 > 0, lies 
in Vg, and 




(3.9) 



for any v € Vg. Bear in mind that 8 /^e p(|)(Mg'^)^J;<; = 1 and choose v = Wg in (13.91 ). The 
boundedness of the sequence {\'^E^)e,eE and the ellipticity assumption (11.31 ) imply at once 
by means of Proposition |2]8] that the sequence (/"gMg'^jgeE is bounded in//(j(il). Theorem 
12.31 and Proposition 12.61 apply simultaneously and gives us u*^ = {uq,u\) € Fq such that for 
some G M and some subsequence E' C E we have ( |3.2| )-( [331 ). where ( 13.41 ) is a direct 
consequence of (13.31 ) by the Rellich-Kondrachov theorem. For fixed 8 € E', let <I>g be as in 
Lemma |2. 101 Multiplying both sides of the first equality in ( 11.21 ) by <!>£ and integrating over 
Q. leads us to the variational 8-problem 

Sending z^E^ to 0, keeping (I3.2I )- (I3.5I ) and Lenima [2.10l in mind, we obtain 

Therefore, (?Iq,u*^) E R x Fq solves the following global homogenized spectral problem: 
' Find (?i,u) G C X F/, such that 

_ for all <I> e F|i. 

which leads to the macroscopic and microscopic problems (I3.6I )- (I3.7I ) without any major 
difficulty. As regards the normalization condition in (13.61 ). we fix / > 1 and put 

(8^'+,(p)=8/ (Pg4'+)cpWp(-yagW (8G£) 

JS' 8 

for cp G ® (Ql). We have PgWg^ ^- in //"i(n)-strong as £" 9 8 by (l34l ) and the 
Relhch-Kondrachov theorem. We also have 

5g'+^Ms(p)4 in //"^(a)-weak 
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as 9 £ — )• 0, since the following hold for any cp G © (Q.) (Proposition! 

lim £/ (PEME'^)cp(jc)p(-)JaE(x) = // ul{x)<p{x)p{y)dxda{y). 



Hence, 

lim e[ {P^ul'+){Pj^^)p{-)dG^{x)= [f u'^{x)u'o{x)p{y)dxdG{y), 

This concludes the proof. □ 
Remark 3.2. • The eigenfunctions {Mo}r=i ^^^^ orthonormalized as follows 

l^uUdx = j^^ k,l = l,2,3,--- 

• If is simple (this is the case for Xq), then by Theorem 13. 11 Xg'^ is also simple, for 
small £, and we can choose the eigenfunctions u^"^ such that the convergence results 



( I3.3I )-( [33| ) hold for the whole sequence E. 

• Replacing p with — p in (11.21 ). Theorem 13. II also applies to the negative part of the 
spectrum in the case Ms{p) < 0. 

3.1.2 Negative part of the spectrum 

We now investigate the negative part of the spectrum Q^e ,ul' )EeE- Before we can do this 
we need a few preliminaries and stronger regularity hypotheses on T, p and the coefficients 
i^ij)fj=i- assume in this subsection that dT is C^'^ and p and the coefficients {aij)fj^^ 
are 8-Holder continuous (0 < 8 < 1). 

Let Hpg^iY*) denotes the space of functions in H^{Y*) assuming same values on the 
opposite faces of Y . The following spectral problem is well posed 



'Find (?i,e) eCx//^i^^(r) 



j^i^Jj V ^yi) (3.12) 



L «'7(3')^Vy = Xp{y)Q{y) on S 



and possesses a spectrum with similar properties to that of (11.21) . two infinite (one positive 
and another negative) sequences. We recall that since we have Ms{p) > 0, problem (13.121) 
admits a unique nontrivial eigenvalue having an eigenfunction with definite sign, the first 
negative one (see e.g., 1281). In the sequel we will only make use of (?i]",6]"), the first 
negative eigencouple to (13.121) . After proper sign choice we assume that 



Q^{y)>0 in yeY*. 



(3.13) 
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We also recall that 6^ is 6-Holder continuous(see e.g., lITOl ). hence can be extended to a 
function living in Cper{Y) still denoted by 9j". Notice that we have 



p{y){Q^{y)fda{y)<0, 



(3.14) 



as is easily seen from the variational equality (keep the ellipticity hypothesis (11.31 ) in mind) 
Bear in mind that problem (13.121 ) induces by a scaling argument the following equalities: 



(3.15) 



where 6^(x) = 6(|). However, 6^ is not zero on dO.. We now introduce the following 
Steklov spectral problem (with an indefinite density function) 



Find fe,VE)GCxye 



EJ.(^)^v,(i)=5,5(^),,(x)o„3r' 

Ve{x) = on 3n. 



(3.16) 



with new spectral parameters (^e,Ve) G C x Vg, where aij{y) = (0^ )^{y)aij{y) and p(y) = 
{Q^)^{y)p{y). Notice that aij{y) G L;^^{Y) and p{y) G Cper{Y). As < c_ < di{y) < 
c+ < +00 (c_,c+ G M), the operator on the left hand side of (13.161 ) is uniformly elliptic and 
Theorem 13.11 applies to the negative part of the spectrum of ( 13.161 ) (see ( 13.141 ) and Remark 
ill). The effective spectral problem for (13.161 ) reads 



vq = on do. 



I Vol dx - 



1 



Ms{p) 



The effective coefficients {^i7}i<ij<A' being defined as expected, i.e.. 



1ij= [ aij{y)dy-Y,f au{y)^ 

Jy* i^i-'Y' "yi 



{y)dy, 



(3.17) 



(3.18) 
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with x[ £ H^(Y*) (/ = l,...,N) being a solution to the following local problem 



I / Myy^^^y = Lf My)^dy (3.19) 

i^iJY* dyjdyi f-'^Jy dyi 
JorallvG//j(y*). 

Notice that the spectrum of (13.17b is as follows 

0>^i>^g>^^>--->^^>---^ -ocas 7^00. 

Making use of ( I3.15I ) when following the same line of reasoning as in ||29l Lemma 6.1], we 
obtain that the negative spectral pai-ameters of problems ( 11.21 ) and ( 13.161 1 verify: 

J"^- = {Q-fvl'^ {££E, k=l,2---) (3.20) 

and 

X^'- = lx-+^^-" + o(l) {eeE, k=l,2---)- (3.21) 

The presence of the term o ( 1 ) is due to integrals over Q.^\Q^, which converge to zero with £, 
remember that (13.151 ) holds in but not Q.^. As will be seen below, the sequence (^e' )eg£' 
is bounded in R. In another words, X^'^ is of order l/e and tends to —00 as £ goes to zero. 
It is now clear why the limiting behavior of negative eigencouples is not straightforward as 
that of positive ones and requires further investigations, which have just been made. 

Indeed, as the reader might be guessing now, the suitable orthonormalization condition 
for (ITT61) is 

e f p{-)vl^'v',- da,{x) = -hj k,l = l,2r-- (3.22) 
which by means of ()3.20p is equivalent to 

£/ p(-)me' Me dOe{x) = —5kl k,l = \,2,--- (3.23) 

We may now state the homogenization theorem for the negative part of the spectrum of 
(O. 



Theorem 3.3. For each k>l and each s € let (k^' , ) be the k'^ negative eigencouple 
to di.2D with Ms{p) > and l \3.23i . Then, there exists a subsequence E' ofE such that 



^ ^ in R asE3£^0 (3.24) 

PeVe'" in H^{a)-weakas E' 3£^0 (3.25) 

PeVe'" in L^{a)as E' 3£^0 (3.26) 

dPA' '^''o+^inL\Q.)asE'3e^O{\<j<N) (3.27) 



dxj dxj dyj 
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where (^q,Vq) G M x H^{Q.) is the k''^ eigencouple to the spectral problem 



1 ~ 9vo\ 5, . „ 
^ij— I =SoVo in LI 



Q. 



vo dx 



vo = on do. 
-1 



(3.28) 



Msipy 



and where v\ G L?{D.;H^ {Y))- Moreover, for almost every x £ £1 the following hold true: 
(i) Vj(x) is a solution to the noncoercive variational problem 

^v\{x)eHl{Y) 



a{v\{x),u) = - £ ^ / aij{y)^dy 
tV«G//i(F); 



(3.29) 



(ii) We have 



iiv\ix)) 



j=l ^Xj 



(3.30) 



where %^ is any function in H^[Y) defined by the cell problem f |j.i9D . 
Remark 3.4. • The eigenf unctions {vq}^^j are orthonormalized by 

f k / , 

I VQV^dx = ~ 



• Replacing p with — p in (11.21 ). Theorem 1 3 . 3 1 adapts to the positive part of the spectrum 
in the caseMs(p) < 0. 

3.2 The case M5(p) =0 

We prove an homogenization result for both the positive part and the negative part of the 
spectrum simultaneously. We assume in this case that the eigenfunctions are orthonormal- 
ized as follows 

/ p(-)ME'^Mg^ (iaeW = ±5^: / ^,/ = l,2,--- (3.31) 
Let be a solution to ()2.1 ip and put 



(3.32) 



Indeed, the right hand side of ( 13.321 ) is positive and does not depend on a particular solution 
to ()2.1ip . We recall that the following spectral problem for a quadratic operator pencil with 
respect to v, 



^ dx- 

'•,7=1 



Mo = on do., 



(3.33) 
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has a spectrum consisting of two infinite sequences 



< X'-^ < < • • • < ^ < . . . , hm Xt:^ = +00 
and 

> > > • • • > ?tn' > lim = —00. 

with = — ^ = 1,2,--- and with the corresponding eigenfunctions Mq^ = Mq . 
We note by passing that ^ and are simple. We are now in a position to state the 
homogenization result in the present case. 

Theorem 3.5. For each k > I and each £ € let [J^^ ,ul'^) be the (^,±)''' eigencouple 
to di.2D with Ms(p) = and f lJ.Jil ). T/jen, there exists a subsequence E' ofE such that 

Xi'^ ^ in R asEBE^O (3.34) 

PeMg^ Uq'^ in Ho{D.)-weak as E' BE^O (3.35) 

PeMe'"^ ^ Ko"^ i« L^{Q.) as E' 3£^0 (3.36) 

OFpUp 2s OUr, OU, 7/ s / 

' ' A ^^ + ^^ mL2(a) 9 8^0 (1 <7<iV) (3.37) 
OTy o.^;^ ayj 

where (Xq ^ , Mq * ) S M x //J is the (k, it)'^ eigencouple to the following spectral problem 
for a quadratic operator pencil with respect to V, 

l.^^'^lj)-^''*'"" ,3.38) 

Mo = on do., 

and where Mj'^ € L^{^;H^{Y)). We have the following normalization condition 

iMn^Pt/x = — r-r — fc = l,2, •■• (3.39) 

Moreover, for almost every x € H the following hold true: 

(i) Mj' [x) is a solution to the noncoercive variational problem 



u\-^{x)eH^{Y) 

a(M^'^(x),v)=Xf 4(x)^p(j)v(j)^/a(j)- £ -g-W j^^aij{y)^dy (3.40) 

/,y 1 7 ^ 

lVvG//i(F); 
(11) We /lave 

(x)) = .^(x)i(x°) - I ^Wi(x^-) (3.41) 

where (1 < j < N) and are functions in H^(Y) defined by the cell problems <\2.10i 
and d2.iiD . respectively. 
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Proof. Fix k>\, using the minimax principle, as in ||29l . we get a constant C independent 
of s such that |?Ie'^ | < C. We have Mg'^ G Vg and 

£ / a,j{-)^4^^dx = X',^ j p(^)4-^^ag(x) (3.42) 

for any v € Vg. Bear in mind that /^e p(|)(me'^)^ Jag(;c) = ±1 and choose v = Wg in (I3.42I ). 
The boundedness of the sequence (?ig'^)ge£ and the ellipticity assumption ( I1.3I ) imply at 
once by means of Proposition 12 . 8 1 that the sequence {PeU^^)^^e is bounded in H^{Q). The- 
orem 12.31 and Proposition 12.61 apply simultaneously and gives us u^'^ = (mq ^ , Uy^ ) G I^o 
such that for some ^ € M and some subsequence E' C E we have ( |3.34| )-( [337l ). where 
(13.361 ) is a direct consequence of (13.351) by the Rellich-Kondrachov theorem. For fixed 
£ € E', let Og be as in Lemma |2.10[ Multiplying both sides of the first equality in (11.21 ) by 
<I>e and integrating over Q. leads us to the variational £-problem 

Sending £ € to 0, keeping (I3.34I )- (I3.37I ) and Lemma l2.10l in mind, we obtain 

«n(u''^,<J>) = ^o^y)[^^^(i^f^(^,3')¥oWp(3') + "o^¥i(^,3')p(3')) dxda{y) (3.43) 
The right-hand side follows as explained below, we have 

/ iP^4'^)p{-)^,da^ix) = f (Pg4'^)i|/oWp(-)JagW 

+ e [ {P^4^^)^\fl{x,-)p{-)dCe{x). 

Js^ £ £ 

On the one hand we have 

lim £ / (PeMg'^)\|/i(x,^)p(^)J;c= // u^^\\fi{x,y)p{y)dxda{y). 
On the other hand, owing to Lemma l277l the following holds: 

Um {P^ul'^)\\fo{x)p{-)dc^ix)= u{^{x,y)\\foix)p{y)dxda{y). 

E'3E^0Js>^ £ JJaxS 

We have just proved that (k^^ ,u'^''^) G M x Fq solves the following global homogenized 
spectral problem: 

' Find (?i,u) G C X Fq such that 

< aa{u,^)=X {ui{x,y)\\fo{x) + UQ{x)\\fi{x,y))p{y)dxdo{y) (3.44) 

JJaxs 

forallOGF^. 
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To prove (i), choose = (\|/o,\|/i) in (13.431 ) such that \j/o = and = cp(g)vi, where 
cp G ® (a) and vi G (Y) to get 



Jn 



dx 



Hence by the arbitrariness of cp, we have a.e. in Q. 



for any vi in Hi iY), which is nothing but (I3.40I ). 

Fix X ^Q., multiply both sides of (12.101) by — ^ {x) and sum over I < j <N. Adding 
side by side to the resulting equality that obtained after multiplying both sides of (12.111 ) by 

X^'^4^(x), we realize that z{x) = -jjj^, ^(;c)x^'(3') +^o^"o^(^)x"(3') solves EM- 

Hence i{z{x)) = i{u\'^{x)) by uniqueness of the solution to the coercive variational problem 
in corresponding to the non-coercive variational problem (13.401 ) (see the proof of 

Proposition 12.1 II ). Thus ( 13.411 ) since i is linear. 

This being so, we recall that (13.411 ) precisely means that almost everywhere inx gD., 

N ^ k,± 

Dyu'{^{x) = X^'±M^'^(x)D,x" - I -^{x)D,^^ a.e. in^; G Y* . (3.45) 
Hence there is some c G L^{Q.) so that almost everywhere in {x,y) G H x y* we have 

N k,± 

u'f{x,y) = (x)x°(3') - I -^{x)xi{y)+c{x). (3.46) 



dxj 



But (13.461 ) still holds almost everywhere in (x,y) G x 5 as 5 is of class C^. Considering 
now <I> = (\|/o,\|/i) in ( 13.431 ) such that \|/o G £> {Q) and = we get 



I 

which by means of (13.451 ) and (13.461) leads to 



+ LJ^u, {x)—^J^a,iy) — {y)dyjdx 

= tj^^'^oix) (^lpiy)x^{y)do{y)^ dx (3.47) 
K4'^)'/^4^W¥oW Up(y)x'iy)daiy)] dx. 
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The term with c{x) vanishes because of Ms{p) = 0. Choosing ( 1 < / < A'^) as test function 
in (12.1 II ) and as test function in (12.101) we observe that 

P^Jy' dyj Js 

Thus, in (13.471 ). the second term in the left hand side is equal to the first one in the right 
hand side. This leaves us with 

/^9-7^^^^ = (^f WVoW^x^p(3.)x°(3')^a(3;)) . (3.48) 

Choosing x" as test function in (12.111 ) reveals that 

lpiy)x\y)doiy)=aix°,x')=v\ 



Hence 



-i I: U^-^iA = (^5-*)'v'-«5'*(^) m a. 

Thus, the convergence (13.341 ) holds for the whole sequence E. As regards ( 13.391 ). we proceed 
as above. Fix k,l >l and put 

(5^e ^,(p) = / {P,4^Mx)pC-)da,{x) (8 G E), 

for cp G ® (a). We have PeMg'^ u^"^ in (H) -strong as £" 9 £ ^ by (13351) and the 
Relhch-Kondrachov theorem. We also have 

5^'^ ^ J^u{^{;y)p{y)da{y) mH-\a)-weak 
as 9 8 — )• 0, since (Lemma l277l) for any cp € £> (D.), it holds that 

lim {Pi,4'^)<p{x)p{-)da^{x) = u\'^{x,y)<p{x)p{y)dxda{y). 



and 



E 

Hence, 



lim / {P^u^'^){P^ui^)p{-)do^{x) = u{^{x,y)uQ'^p{y)dxdo{y). 



This together with ( 13.311 ) and ( 13.461 ) yields 

<^ au, 



^o^v^[u^ul'^dx-f^a{xj,X^)[-^Uo^dx = ±5k,i, k,l = l,2,--- (3.49) 

J Q, J— 1 7 

If ^ = /, then by Green's formula the sum on the left hand side vanishes and (13.491 ) reduces 
to the desired result. This concludes the proof. □ 
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Remark 3.6. • The eigenfunctions {mq^}"^j are in fact orthonormalized as follows 

Jj£lxS JJnxs 
k,l = \,2,--- 



If ?Iq' is simple (this is the case for Xq' ). then by Theorem 13.51 X^' is also simple, 
for small £, and we can choose the eigenfunctions Mg'^ such that the convergence 
results (I3.3l )- (l3.5b hold for the whole sequence E. 
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